An initial electron density distribution for a crystal structure may be directly derived from observed diffraction data by maximizing the product of the observed and calculated Patterson functions with respect to the electron density values within an envelope. This maximization problem may be formulated as an eigenvalue equation, in which potential electron density distributions are obtained as eigendensities (eigenvectors) of a symmetric matrix. Elements of this matrix depend only on the indices and intensities of the observed reflections, and on the coordinates of grid points inside the envelope. Eigendensities are calculated for a set of small envelopes (enclosing about 20% of the molecular volume) covering a unique region of the unit cell whose points are unrelated by space-group operations, origin shifts or changes in enantiomorph. On the basis of correlation coefficients between the observed and calculated values for both the Patterson function and structurefactor amplitudes, a small set of eigendensities are selected for combination into a final electron density distribution. This electron density distribution may be Fourier transformed to yield calculated structure factors. Test calculations on lysozyme indicate that phase errors of less than 60 ° may be obtained for strong low-resolution reflections by this procedure. An extension of this approach to handle crystal structures containing non-crystallographic symmetry is described.
Introduction
A molecular envelope divides the interior of macromolecular crystals into two regions of roughly equal volumes, consisting of either the molecule or 0108-7673/90/110915-08503.00 the solvent. Owing to positional disorder of the solvent molecules, the electron density in the solvent region is approximately constant. Enforcement of this constraint on the solvent density ('solvent flattening') has provided a powerful phase refinement method, in both the presence (Rossmann, 1972) and absence (Wang, 1985) of non-crystallographic symmetry. In principle, knowledge of the molecular envelope also provides an approach to direct phase determination, but this has not yet been routinely achieved in practice. In this note, a constrained symmetric quadratic function of the electron densities of grid points within a molecular envelope is formulated that depends only on the indices and intensities of observed reflections. Electron density distributions derived from the maximization of this function may be used to directly obtain phase information.
Although crystallographic calculations may be formally accomplished in either real or reciprocal space, a real-space emphasis will be adopted in this work since the distinction between molecular and solvent regions has a particularly simple real-space interpretation. Assuming a molecular envelope has been defined (the determination of the envelope will be discussed more fully below), the problem to be addressed is to find density values for grid points within the envelope that are consistent with the observed Patterson function. This may be accomplished by finding electron density values that maximize • : positions u k contained within the Patterson asymmetric unit. Pc(Uk) may be calculated from the (as yet unknown) electron density values of points within the molecular envelope. As seen from the form of (1), qb is related to the correlation coefficient between the observed and calculated Patterson functions, differing only by the presence of terms related to the variances of the two Patterson functions in the denominator of the correlation coefficient.
In matrix notation, the dependence of • on the electron density of points within the molecular envelope may be written in the following fashion:
where p is the vector of electron density values of grid points within the envelope, and the A and B matrices transform p values into the sum of the product of the observed and calculated Patterson functions. The elements of A and B have the form:
where a , and a p are the real (a) and imaginary (b) parts of the structure-factor expression for the crystal space group (superscript c) and the Patterson space group (superscript p), respectively; hi are the Miller indices of the observed reflections; and xj and Uk are positions of points within the molecular envelope and the Patterson asymmetric unit, respectively. Significantly, the A and B matrices depend only on the indices and intensities of the observed reflections [since Po(Uk) is the Fourier transform of the observed intensities] and are independent of the electron density values in p.
Maximization of • with respect to p requires introduction of a constraining relationship on the elements of p:
This condition must be imposed since otherwise the maximization problem is not well defined as multiplication of p by a constant, S, increases q~ by S 2. The constraining relation may be incorporated into the maximization of • by the use of Lagrange multipliers (Hestenes, 1975) . The resulting function, fit, to be maximized is
where A is the Lagrange multiplier. At extrema points (including maxima), the derivative of gt with respect to p vanishes. Since A TBA is a symmetric matrix, p values defining these points satisfy the eigenvalue equation
In general, if there are N grid points in the molecular envelope, there will be N different sets of coupled eigenvalue, eigenvector solutions to (6). Eigendensities pi associated with the largest values of q~ are the eigenvectors corresponding to the largest eigenvalues of the symmetric matrix ArBA. Since q~ is not exactly the correlation coefficient between observed and calculated Patterson functions, the pi that maximize q~ need not correspond exactly to the true electron density values, even with the correct molecular envelope. One may hope (a word that occurs frequently in the molecular-replacement literature), however, that the true density may be expressed as a sum of only a relatively few eigendensities Pi. This expectation will be explored in greater detail below.
Methods
The general approach to an envelope-based phase determination consists of a sequence of three steps: 1. definition of the envelope; 2. calculation of eigendensities; 3. selection and combination of eigendensities. Implementation of these steps will be illustrated by a specific application to the lysozyme crystal structure. Chicken egg-white lysozyme crystallizes in space group P43212, with cell dimensions a = b = 79-1, c = 37.9~ (Blake, Koenig, Mair, North, Phillips & Sarma, 1965) . Diffraction data from lysozyme crystals were collected on a multiwire area detector (Cork, Hamlin, Vernon & Xuong, 1985) , and intensities of the unique reflections were scaled and merged with the ROCKS crystallographic package (Reeke, 1984; Bethge, 1984) . Phases for the observed structurefactor amplitudes were calculated from atomic coordinates (Kundrot & Richards, 1987) in the 2LYM set of the Brookhaven Protein Data Bank (Bernstein et al. 1977) . Calculations in this paper were performed to a limiting resolution of 6 A, with an observed data set containing 348 reflections (199 acentric, 149 centric, 94% of the theoretical number). Electron density and Patterson maps calculated from these structure factors were sampled at approximately 3 A intervals, with 28, 28 and 12 grid points along the crystallographic a, b and c axes, respectively. Fast Fourier transform methods (Ten Eyck, 1973 were used for all map calculations.
Step 1: Definition of envelope A molecular envelope is described by specifying the shape, size and position. The actual molecular envelope for lysozyme in the section z = 0/12 is illustrated in Fig. l(a) . The outline of the envelope in the section z=0/12 is also illustrated in Fig. l(b) for a particular l~¢sozyme molecule with molecular center near (0, 3, 0). As seen from these figures, the precise molecular envelope is rather complex, which complicates efforts to specify exactly the molecular envelope for an unsolved structure.* The following approach was used to approximate an envelope:
Shape: Simple shapes such as spheres and cubes are often used to model unknown envelopes. Cubic * While this manuscript was in review, an experimental determination of a molecular envelope from intensity measurements by the method of solvent contrast variation was described (Carter, Crumley, Coleman, Hage & Bricogne, 1990) . . The envelopes were generated from the lysozyme coordinates by assigning a van der Waals radius of 3 .zi to each atom.
envelopes were used in this work since different (trial) envelopes could be stacked together like bricks so as to fill uniformly a given region of space.
Size: The molecular envelope of lysozyme encloses a volume of approximately 1.7 x 10 4/~3, or about 650 (-93) grid points at a sampling interval of 3 ]k. While this sets an upper limit on the size of an envelope, for computational reasons it is desirable to determine the smallest envelope volume that will allow acceptable phasing. Average phase differences were determined between the exact phases (ffmodel, computed from the atomic model) and phases obtained from inversion of (Fobs, amodel) electron density maps masked with cubes containing 3, 5, 7, 9 and 11 grid points on a side. The cubes were centered at (0, 3, 0), which is near the molecular center of one of the crystallographically equivalent lysozyme molecules. Overall absolute phase differences, as well as absolute phase differences for classes of reflections defined on the basis of resolution and structure-factor amplitude, are presented in Table 1 . Rather unexpectedly, acceptable phase errors (<50 ° ) were obtained for strong reflections (defined as Fobs>Fave) using cubic envelopes containing only 53 grid points, or about 20% of the molecular volume.
Position: For envelopes of sufficiently high symmetry, the search region for the envelope position may be restricted to that fraction of the asymmetric unit containing a unique set of points unrelated by changes in origin or enantiomorph. In space group P43212, structures related by origin shifts of (0, 0, 0), (½, ½, 0) (0, 0, ½), (½, ½, ½) have identical diffraction patterns (Rogers, 1980) . The origin shifts imply that points with the following coordinates unrelated by crystallographic symmetry in space group P43212 give rise to the same set of Patterson vectors:
Additional equivalent positions appear in the sections z =0, ~,... due to the presence of crystallographic rotation and screw axes in these planes. As a consequence, only 1 of the asymmetric unit needs to be searched for the envelope center. There is no enantiomorph ambiguity in this space group, since a change in hand requires a change in space group to P41212. One choice of asymmetric unit in space group P43212 is included in the volume 0-< x < 1, 0 <-y --x, 0 <-z <-~. With only 12 sections along the entire c axis (for calculations at 6 A resolution), and a cubic envelope with 5 points along an edge, the search for the envelope center in the lysozyme calculation was restricted to the one section z = 0/12. Since this region is significantly larger in the x and y directions than the trial envelopes, it is necessary to try multiple envelope positions to sample the entire search region.
either positive or negative), both positive and negative correlation coefficients between the observed electron density and the eigendensities may be observed.
Step 2: Calculation of eigendensities
The crystallographic coordinates of the 125 grid points in a 5 x 5 x 5 cubic envelope may be determined once the center position of the envelope is specified. These coordinates, coupled with the indices of the observed reflections and the observed Patterson function, may be used to calculate elements of the A and B matrices (3). The relevant crystal and Patterson space groups for lysozyme are P432~2 and P4/mmm, respectively. The summation for elements of the B matrix is over points in the Patterson asymmetric unit of lysozyme (0 ---u -< ½, 0 <-v -< u, 0-< w -< ½). The origin of the Patterson function and the nearest-neighbor points were excluded from the summation. The Patterson function was not modified for this calculation, although sharpening could be performed to enhance the contribution of higher-resolution reflections. All trigonometric expressions were evaluated with a lookup algorithm described by Burnett & Nordman (1974) and Hoard & Nordman (1979) .
Eigenvalues and vectors of the A rBA matrix were evaluated with the EIGRS routine of the IMSL library. The resulting eigendensities were characterized by calculating correlation coefficients between the observed and calculated (1) electron densities, (2) structure-factor amplitudes and (3) Patterson functions, as well as the absolute difference between phases calculated from the atomic model and from the eigendensity values. Of these indicators, only the structure-factor amplitude and Patterson-function correlation coefficients could be calculated for an unknown structure. As examples to be explored more fully below, a listing of these indicators for the first ten eigendensities calculated for cubic envelopes centered at (2/28, 18/28, 0) and (0, 22/28, 0) are presented in Table 2 . Since the eigendensities are specified only to within a constant (which can be
Step 3: Selection and combination of eigendensities Eigendensities were calculated for 5 x 5 x 5 cubic envelopes centered in the z = 0 section and spaced at two grid intervals in the x and y crystallographic directions. The average sum of the Patterson function and structure-factor amplitude correlation coefficients for the first ten eigendensities of each envelope are plotted in Fig. 2(a) as a function of the envelope center position. Encouragingly, regions exhibiting above average correlation coefficients agree well with allowed regions of a packing function (Fig. 2b) illustrating permissible positions for the center of an 11/~, radius sphere in this space group (Hendrickson & Ward, 1976) .
Since the lysozyme structure is known, the agreement between the true electron density and the eigendensities can be directly assessed. While no eigendensity exactly reproduces the true density within the envelope, typically, several eigendensities exhibit significant correlation coefficients (magnitude >0.3) with the true density ( Table 2 ). This suggests that a better approximation to the true electron density could be obtained by combining multiple eigendensities from different envelopes into a single density distribution.
Envelopes centered at (2/28, 18/28, 0) and (0, 22/28, 0) were selected for further analysis, since: (1) the maximum value for the average correlation coefficients plotted in Fig. 2(a) occurs at the point (2/28, 18/28, 0), and (2) the envelope centered at (0, 22/28, 0) is in the middle of the same contiguous allowed region of Fig. 2(a) as the first envelope, but does not overlap with it. A projection of the region occupied by these envelopes in the asymmetric unit of lysozyme is illustrated in Fig. 3 . These particular envelope positions were selected in preference to other equivalent points in Fig. 2(a) for consistency Table 2 . Characterization of eigendensities calculated for 5 x5 x5 envelopes centered at (2/28, 18/28, 0) and (0/28, 22/28, 0) Eigendensities are ordered in decreasing value of • calculated from equation (1). The correlation coefficients (designated ED, Patt and SF) are between the true and calculated values of the electron density inside the cube, the Patterson function and the structure-factor amplitudes, respectively. Phase differences are as described in the legend to Table 1 . Perfectly anticorrelated (sign-reversed) electron density sets will have an absolute phase difference of 180 °. Eigendensities flagged with an asterisk (*) were selected for combination into the final calculated structure factors on the basis of the Patterson function and structure-factor amplitude correlation coefficients. with the known lysozyme structure (Fig. l b) , which facilitates comparison of observed and calculated phases. From the sum of the Patterson function and structure-factor amplitude correlation coefficients, the top three eigendensities (Table 1) eigendensities associated with envelopes 1 and 2, respectively. F1 and F2 are obtained by summing the structure factors calculated from the individual eigendensities through the relationships:
Correlation coefficients Absolute phase differences (°) Patt

SF
where fl,i and f2j are structure factors calculated from the ith and jth eigendensity of envelopes 1 and 2, respectively, and the fl's are the corresponding weighting factors. Values for the fl's may be determined by maximizing the quantity C, which is related to the correlation coefficient between F1 and F2 (Srinivasan & Parthasarathy, 1976) . C is defined as
C=(Re(F~F*))
where Re indicates the real component of this complex function, and the average is taken over all reflections. Expansion of C shows that this expression is a symmetric quadratic in #l,if12..:, so that the maximization may be accomplished by the same method described previously to evaluate the eigendensities. Specifically, the weighting coefficients may be determined by solving for the eigenvectors corresponding to the largest eigenvalues of the matrix: f's that yield the most similar values for the complex structure factors F1 and F2. Since test calculations suggested that phases were most reliably determined for strong reflections (Fobs > Fave) at low resolution (Tables 1 and 2) , the fl's were evaluated using only strong reflections in the resolution range 0.002<sin 2 0/h2<0.0045~ -2. Two sets of coefficients were obtained (Table 3) , corresponding to the top two eigenvalues of (10), which had correlation coefficients >0.15 between Fa and F2. These weights were used to determine a combined set of calculated structure factors, Fc, through the relationship:
F~= E E flj,,fj,,.
j=l i=1
Three sets of calculated structure factors (SF1, SF2
and SF12) were generated from the two individual sets of weighting coefficients, and a combination of the two sets, respectively. For strong low-resolution reflections, the absolute phase differences between the model and calculated reflections were 75, 61 and 54 °, respectively. These phase differences are significantly smaller than random (90°), and suggest that useful phase information may be generated by this approach. Electron density maps of lysozyme calculated with envelope-derived phases are illustrated in 
Discussion
Electron density distributions may be directly derived from observed diffraction data by maximizing the product of the observed and calculated Patterson functions with respect to the electron density values within an envelope. The maximization problem may be formulated as an eigenvalue equation (6), in which the potential electron density distributions are obtained as eigendensities (eigenvectors) of a symmetric matrix. The approach to direct phase determination adopted in this work is to calculate eigendensities for multiple small envelopes that cover a minimal search region of the unit cell. Promising eigendensities are selected from several non-overlapping envelopes, on the basis of agreement with the observed Patterson function and structure-factor amplitudes, and combined into the final electron (Fig. 4) , to locate heavy atoms by difference-Fourier analyses, or perhaps to serve as starting values for various phase refinement methods. Clearly, the critical step in this process is the selection of eigendensities to be combined into the final electron density distribution. Since no eigendensities were found in the lysozyme calculation that exactly reproduced the true electron density within an envelope, it is not necessarily evident which eigendensities should be selected for further combination. The magnitudes of the correlation coefficient between observed and calculated values for both the Patterson function and structure-factor amplitudes provide an objective criterion for the initial selection of eigendensities. These choices may be further refined by examination of the magnitudes of the weighting coefficients,/3, which provide an estimate of the contribution of the associated eigendensity to the calculated structure factors (8). An iterative process for eigendensity selection can be envisioned, in which eigendensities with small /3's are replaced by new eigendensities, until a final set is selected.
Although not relevant to the lysozyme calculation, combination of eigendensities from structures in polar space groups may be more complicated than treated here. In this case, it is quite possible that individual eigendensities may correspond to different choices of origins along the polar axis. The initial combination of eigendensities might be treated by using only seminvariant reflections (which are insensitive to choice of origin) to evaluate/3's from (10), followed by a systematic shifting along the polar axis to find the positions of highest correlation coefficient.
Crystal structures with non-crystallographic symmetry may be handled by a straightforward extension of this procedure. Provided the non-crystallographic symmetry relationships have been determined, the A matrix can be easily modified to incorporate this information. Specifically, if the subscript I designates coordinates related by the non-crystallographic symmetry, then A may be written: -l,j = ~, aC( hi, xj, t) l AEi, j = Y. be(hi, xj, t) .
A2i
In this manner, the size of the envelope may be effectively increased without increasing the size of the eigendensity vector, which should enhance the ability of a few eigendensity vectors to represent the structure. Crowther (1967 Crowther ( , 1969 has presented an elegant linear formulation of the non-crystallographic symmetry problem that provided a basis set of eigendensities to describe an unknown structure. If the Fourier transform of the jth eigendensity is represented by uj(hi), then the observed intensity IF2obs(hi) may be written as the symmetric quadratic:
IF~obs(hi)l = Y~ E t~flZkUj(hi)uk(hi), (13) j k where the /zj are the weighting coefficients of the corresponding uj. A difficulty in the implementation of Crowther's formulation was the quadratic dependence of the observed intensities on the (unknown) /zj. If the problem is recast to maximize the sum of the product between the observed and calculated intensities with respect to the/.% however, then the p,j may be obtained directly by the eigenvalue method discussed in this paper.
Direct methods of phase determination involve the application of constraints on the electron density (such as non-negativity and/or atomicity in the case of small-molecule structures) to provide useful relationships between structure factors. A characteristic feature of macromolecular structures is the relatively large solvent content, and the existence of an envelope that divides the crystal into regions of molecule and solvent. In this paper, an envelopebased approach has been developed for deriving phase information directly from observed diffraction data. While the ultimate utility of this method can only be established by the successful solution of unknown structures, test calculations suggest that phases of promising quality may be obtained by this procedure.
